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ABSTRACT
Let W+ denote the class of ergodic probability preserving transformations
which are disjoint from every weakly mixing system. Let M(W<) be
the class of multipliers for W+, i.e. ergodic transformations whose all
ergodic joinings with any element of W+ are also in W+, Fix an ergodic
rotation T, a mildly mixing action S of a locally compact second countable
group G and an ergodic cocycle ¢ for T with values in G. The main
result of the paper is a sufficient (and also necessary by [LeP] when G is
countable Abelian and S is Bernoullian) condition for the skew product
build from T, ¢ and S to be an element of M(W"). Moreover, the
self-joinings of such extensions of T" are described with an application to
study semisimple extensions of rotations.
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0. Introduction

In 1967, H. Furstenberg introduced a concept of disjointness for ergodic transfor-
mations as a sort of “extreme nonsimilarity” for them [Ful]. In particular, dis-
joint transformations are nonisomorphic and even more, they have no nontrivial
common factors. A nontrivial problem coming from [Ful] is to describe the class
W of those ergodic transformations that are disjoint with every weakly mixing
transformation. It was actually shown there that W+ includes the class D of
distal transformations. The fact that this inclusion is proper was established
only in 1989 by E. Glasner and B. Weiss [GIW]. Later, E. Glasner introduced
a class M(W) of multipliers for W', i.e., the class of transformations whose
all ergodic joinings with any member of W+ are also in W+. We then have
D C M(W*) c W, Elaborating the ideas from [GIW], E. Glasner demon-
strated that D # M(W2) [Gl1]. Finally, in a recent paper of F. Parreau and
the second-named author [LeP] it was shown that M(W') # WL, We now
give some details on the latter result. Let T' be an ergodic measure preserv-
ing transformation of a standard probability space (X, Bx,pu), S = (Sq)geq 2
measure preserving action of a locally compact second countable (l.c.s.c.) group
G on a standard probability space (Y,By,v) and ¢: X — G a Borel map.
Throughout the paper we assume that G is not compact. Define two measure
preserving transformations Ty and T s of the product spaces (X x G, u x Ag)
and (X x Y, p x v) respectively by setting

T¢(a:,g) = (Tx,¢(w)g) and Td),S'(x? g) = (T:B7S¢(z)y)7

where Ag stands for a left Haar measure on G. Note that Ty is infinite measure
preserving. The following result was proved in [LeP]: if T € W+, G is countable
Abelian, S Bernoullian, ¢ is ergodic (i.e., Ty is ergodic) and the group e(T) C T
of L®°(X x G, u x Ag)-eigenvalues of Ty is uncountable, then Ty s € W and
for any weakly mixing transformation R whose (reduced) maximal spectral type
does not vanish on e(Ty) there exists an ergodic self-joining 7 of T 5 such that
(Ty,s xTg,s,m) is not disjoint from R. In this connection a question arises: what
happens if e(T}) is countable? The answer is the main result of the paper (see
Section 8):

THEOREM 0.1: Let T' be an ergodic transformation with pure point spectrum
and let G be an amenable lLc.s.c. group without nontrivial compact normal
subgroups. Assume that S is a mildly mixing action of G. If ¢: X — G is an
ergodic cocycle of T for which e(Ty) is countable then Ty s belongs to M(W1).

This finally explains a relationship between Glasner—Weiss’ generic techniques
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and our construction. Actually, we show that the set of ergodic cocycles with
e(T4) countable is generic in the Polish space of all measurable maps from X
to G. Moreover, the same is true for the subspace ®¢ of continuous zero mean
R-valued cocycles of any irrational rotation (® is furnished with the topology of
uniform convergence). Taking any horocycle flow as .S we then get as a corollary
an extension of the main result from [Gl1]: Ty s € M(W1)\ D for a generic ¢
from @ (there were some further restrictions on S and the rotation in [Gl1]).

Moreover, we obtain a full description of possible ergodic self-joinings of T g
(under the assumptions of Theorem 0.1). This problem was already examined
in [LMN] for Abelian G and some ergodic cocycles ¢ with the property that
¢ X ¢o R is regular for each transformation R commuting with T'. In this paper
we make a step forward and analyze the general case of G and ergodic ¢ (but
S is still mildly mixing). The case ¢ x ¢ o R is regular is treated similarly
to the Abelian one. However, quite surprisingly it turns out that the case of
nonregular ¢ X ¢ o R is easily handled due to a special property of its Mackey
G x G-action. In fact, the relatively independent extension of the graph joining
ur is the only extension of ug to a self-joining of Ty s (see Theorem 7.3 for the
precise statement).

Thus, as appears, the description of self-joinings of Ty s is very similar to what
we have in the classical case of compact G (cf. [LeM], [Me]). As an application,
we extend the main result of [LMN]:

THEOREM 0.2: Let T, (G, S satisfy the assumptions of Theorem 0.1. If S is
in addition 2-fold-extra-simple (i.e., for each continuous group automorphism 6
of G, every ergodic joining of S and S o 8 is either the product measure or a
graph-joining), then Ty g is semisimple and the extension Ty ¢ — T is relatively
weakly mixing for every ergodic cocycle ¢: X — G.

Notice that in the present paper we bypass the use of the spectral theory
which played a crucial role in [LeL], [LeP] and [LMN]. That enables us to get
rid of the commutativity assumption on G which was standing in those papers.

Finally, we would like to note that even though Ty ¢ — T seems to be a very
special case of a general extension (see a theorem of L. Abramov and V. Rokhlin
[AbR]), however one of our first observations is that each Rokhlin cocycle is
cohomologous to a “locally compact” one. In other words, each extension is
isomorphic as extension to one of the form Ty s — T'. In fact, G can be taken
as countable and amenable (see Proposition 2.1).

The outline of the paper is as follows. Section 1 contains a background on
nonsingular group actions, joinings and measurable orbit theory. In Section 2 we
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show that any extension can be given by an amenable countable group action.
Sections 3-6 are of technical nature. Group self-joinings and their connection
with type I actions are considered in Section 3. Some specific properties of the
Mackey actions associated to ¢ X ¢ o R are discussed in Section 4. In Section 5
we introduce a concept of relatively finite measure preserving extensions and
investigate their properties. A useful link between some simplices of invariant
and quasi-invariant measures is discussed in Section 6. The main results of
the paper are collected in Sections 7-9: the ergodic self-joinings of Ty g are
described in Section 7, the theorem on multipliers for W is proved in Section 8
‘and semisimplicity of T}, s is studied in the final Section 9.

ACKNOWLEDGEMENT: The first-named author would like to thank N. Coper-
nicus University for the warm hospitality during his stay in Toruni where a
significant part of this work was done. We thank the referee of the paper for
several useful comments and especially for his remark about the possibility to
drop the assumption of unique ergodicity of S in the main result of the paper.

1. Notation. Preliminaries

NONSINGULAR TRANSFORMATIONS AND GROUP ACTIONS. Let (X,Bx,u) be
a standard probability space. The group of y-nonsingular transformations of X
will be denoted by Aut(X, ). There exists a natural embedding T' — Ur of
Aut(X, p) into the unitary group of L2(X, u) given by

dpoT-1

0 (z), fel’(X,u), reX.

Urf(z) = f(T"'x)
Then Aut(X, ) endowed with the weak operator topology is a Polish group.
The subgroup Auto(X, p) of p-preserving transformations is closed in Aut(X, u).
Let G be a l.c.s.c. group. An ergodic nonsingular action S = (Sg)geq of
G on (X,Bx,u) is called of type I if i is supported by a single orbit of S.
Otherwise S is called properly ergodic. Given two nonsingular G-actions
S = (Sg)gec and Q = (Qg)gec on (X,Bx,u) and (Y, By, v) respectively, we
denote by S x @ (resp. S ® Q) the following G- (resp. G x G-) action on the
product space (X xY,Bx @ By, p x v):

(SxQ)(g)=5(9) xQg), (S®Q)9,h) =5(9)xQ(h), g,heG.

A properly ergodic action S is called mildly mixing (see [FuW], [SWa]) if for
any properly ergodic G-action ), the action S X @ is ergodic. As was shown in
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[SWa], such an S preserves an equivalent invariant probability measure. More-
over, a probability preserving S is mildly mixing if and only if for any sequence
gn — 00 in G and a measurable subset A € Bx with lim, o p(Sg, AAA) =0,
we have pu(A) = 0 or u(4) = 1. Hence for any noncompact closed subgroup
H C G, the action S(H) is also mildly mixing.

For an action S of GG, we denote by C(S) the centralizer of S, i.e.,

C(S) ={T € Aut(X,pn)| TS, = S,T for all g € G}.

For a single transformation T', C(T') denotes C({T™ | n € Z}).

By a cocycle of a nonsingular transformation T on (X, x,x) with values
in G we mean a measurable map from X to G. The set of all such cocycles is
denoted by Z'(T,G). Endowed with the topology of convergence in measure it
is a Polish space. Two cocycles ¢,v € Z1(T,G) are called cohomologous if

$(x) = a(z)y(x)a(Tz)™!

for some measurable map a: X - G at a.a. ¢ € X.

JOININGS AND DISJOINTNESS. Given two transformations T; € Auto(X, ps),
we denote by J(T1,T3) the set of joinings of 71 and 75, i.e., the set of T} x T;-
invariant measures n on Bx, © Bx, whose marginal on By, is p;, ¢ = 1,2.
The corresponding dynamical system (X X X2, Bx, ® Bx,,n,T1 x T3) is also
called a joining of T} and T». By J¢(T1,T») C J(T1,T2) we denote the subset of
ergodic joinings (it is nonempty whenever 77 and T3 are ergodic). Considering
three transformations 71,75 and T3 we define in a similar way J(T1, T»,T3) and
J(Th, Ty, T3). If J(T1,T2) = {p1 X po } then Ty and T are called disjoint [Ful].
This will be denoted by Th L T5. If T} = T» =: T we speak about self-joinings
of T and use notation Jo(T') for J(T1,T3). Given an extension

(X)%XaﬂvT) — (Ya%Y7V’S)7

consider the desintegration of y with respect to v: p = [, pydr(y). If now
n € J2(S) then the measure 77 := [i,  py X pyrdn(y,y’) is a self-joining of T'. It
is called the relatively independent extension of 1. Let Ay stand for the
diagonal self-joining of S. Assuming that S is ergodic, the extension T — S
is called relatively weakly mixing if the relatively independent extension of
Ay is ergodic. An ergodic transformation T of (X, B, i1) is called semisimple
[JLM] if for each n € J5(T'), the extension (T' x T,n) — (T, u) is relatively
weakly mixing. Recall also that T' is 2-fold simple [JRu] if every n € J§(T) is



142 A. 1. DANILENKO AND M. LEMANCZYK Isr. J. Math.

either the product measure p x p or a graph joining, i.e., the joining supported
by the graph of some R € C(T).

Given a class A of ergodic transformations, by M({A) we denote the class
of multipliers of A [Gll1], i.e., the class of transformations whose all ergodic
joinings with an arbitrary element of A give rise to a transformation that is
still in A. Let W and D stand for the classes of weakly mixing transformations
and distal transformations respectively, see [Fu2]. Summarizing the results on
disjointness from [Ful], [GIW], [Gl1] and [LeP] we can write

1 1
DG MWL) G W,

For a detailed account on joinings and related things we refer to [JRu], [Th] and
[G12].

ORBIT THEORY AND COCYCLES. We will now briefly recall basics of the orbit
theory. The facts we present below can be found in [Sc]|, [FM], [GS2], [Da2].
The reader should be aware that these facts are not all obvious.

Assume that T is an ergodic nonsingular transformation of (X, B x,u). Let
R stand for the T-orbital equivalence relation. We recall definitions of the full
group [R] of R and its normalizer N[R]:

[R] = {S € Aut(X, )| (z,Sz) € R for p-a.a. x},
N[R] = {S € Aut(X, )| S[R]S™* = [R]}.

We will also use the notation [T for [R]. A measurable map a: R — G is called
a cocycle of R if

a(z,y)a(y, z) = alz,z) for all (z,9), (y,2) € R.

Two cocycles a,8: R — G are said to be cohomologous (we then write
a = f) if there exists a measurable map a: X — G such that a(z,y) =
a(z)B(z,y)a(y)~! for a.a. (z,y) € R. Two cocycles o, 3: R — G are called
weakly equivalent if o = S0 for some 8 € N[R]. (The cocycle 5086 is defined
by 8o 8(z,y) = B(0z,0y).) Given a cocycle a of R, we set ¢, (2) := a(Tz, ),
x € X. It is easy to check that the map a — ¢, is a bijection between the R-
cocycles and the T-cocycles. Moreover, a & § if and only if ¢, is cohomologous
to ¢3.

Recall that A\g denotes a left Haar measure on G. Let us fix a probability
measure A on G equivalent to Ag. We define the following nonsingular trans-
formations on (X X G,Bx @ Bg, u X A):

Ty(z,9) = (Tz,4(x)g), Rn(z,9) = (z,9h7'), hEG.
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The cocycle ¢ is called recurrent (resp. ergodic) if T is conservative (resp.
ergodic). Notice that (Ry)rec is a G-action commuting with T,. Hence it
induces a nonsingular G-action Wy = (Ws(g))gec on the space (Q4,Baq,,vs)
of T4-ergodic components. This space is just (X x G,§, (1 x A) | &), where
§ C Bx OB denotes the o-algebra of Ty-invariant subsets. Wy is called the
Mackey action (or the associated action) of ¢. Since T is ergodic, so is Wj.

If there exists a closed subgroup H C G such that ¢ is cohomologous to an
ergodic cocycle with values in H, then ¢ is called regular. The subgroup H
turns out to be determined by ¢ up to conjugacy and it is always amenable.
Moreover, H is equal to the stabilizer of a point from {24. It can be shown that
¢ is regular if and only if v4 is supported by a single orbit (i.e., W is of type
I). Clearly, ¢ is ergodic if and only if Wy is the trivial action on a singleton.

Next, if ¢ corresponds to a cocycle @ of R (i.e., ¢ = ¢,) then we will also
write W, for Wy and call o recurrent, regular or ergodic if so is ¢. Notice that
if v is weakly equivalent to 5 and « is recurrent, regular or ergodic, then so is
B. Moreover, if o and 3 are weakly equivalent then W, and W are isomorphic.
A theorem of Golodets and Sinelshchikov states that conversely, if T' is measure
preserving, o and § are both recurrent with W, and Wjp isomorphic, then o
and ( are weakly equivalent [GS2].

2. Rokhlin extensions and locally compact group extensions

Let T be an ergodic measure preserving transformation on a standard proba-
bility space (Z,Bz, k) and let §F C Bz be a factor of T. By a classical theorem
of Abramov-Rokhlin [AbR], the dynamical system (Z,%B, &, T) can be repre-
sented in a skew product form as follows:

(Z,B7,5) = (X, Bx,p) © (Y, By,v) and T(z,y) = (Tz,9(z)y),

where T is an ergodic transformation of (X,Bx,u) and ¢¥: X — Aute(Y,v)
is a measurable map (sometimes called Rokhlin cocycle of T). In such a
representation § corresponds to B x (or, more precisely to B x ® Ny, where Ny
stands for the trivial sub-c-algebra of By ).

In this paper we mainly study extensions T > Tofa special form. Namely,
let S = (Sy)gec be an ergodic measure preserving action of a l.c.s.c. group G
on a standard probability space (Y, By,v). Take ¢ € Z1(X,G). Then we set

T(w, y) = (TCC, Stb(z)y)

and denote this extension by T4 5. The case of compact G was deeply investi-
gated by a number of authors (see, e.g., the bibliography in [LeL]). It will not
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be considered in this paper. In case G = Z" or R", extensions Ty s — T were
studied in [An], [Ki], [Ru], [GIW], [G]1], [Ro], etc. Later, a more general case of
Abelian G was under consideration in [LeL], [LeP], [LNM]. As far as we know,
non-Abelian G were not studied in this context (except of some simple facts
from [LeLl]).

We start with an observation that Ty s — T is not a ‘special’ extension. In
fact, every extension is isomorphic (as an extension) to such a one.

PROPOSITION 2.1: Let T — T be an ergodic extension and let ¢ be the corre-
sponding Rokhlin cocycle of T as above. Then there exist a countable amenable
group ¥ (it does not depend on 1) which acts ergodically on (Y,By,v) and a
measurable cocycle ¢: X — % such that ¢ is cohomologous to ¢ in Auty(Y,v)
(the natural embedding ¥ C Auto(Y,v) is implicit here). Thus T = T is iso-
morphictoTy s = T.

Proof: Tt is easy to see that Autg(Y,v) contains a dense countable subgroup £
which is amenable in the discrete topology. Actually, if v has an atom then (Y, v)
is measurably isomorphic to a finite cyclic group endowed with Haar measure.
Therefore Auty(Y,v) is finite and hence amenable. If v is nonatomic then we
can represent (Y, v) as @, ({0,1},X) with A(0) = A(1) = 0.5. Let Z3~ denote
the permutation group of {0,1}". It acts on (Y, v) permutating the first n co-
ordinates. Then we have Zs C X4 C --- C Autg(Y, v). Clearly, the locally finite
countable (and hence amenable) group ¥ := (J,—, Eo» is dense in Auto(Y,v).
Hence ¥ is an ergodic transformation group. By [Da2, Proposition 1.6], ¢ is
cohomologous to a cocycle ¢ taking values in ¥. |

3. Group self-joinings

A closed subgroup H C G x G is called a group self-joining of G if the two
coordinate projections of H to G are onto. Put H; := {g € G| (9,1¢) € H} and
Hy :={g € G| (1g,9) € H}. Then H, and H; are closed normal subgroups of G
and, moreover, there exists a topological group isomorphism 6: G/H,; — G/H;
such that

(3.1) H={(g1,92) € G*| 8(g2Hz) = g1 H: }.

Conversely, given two closed normal subgroups Hy, Hy of G and a topological
group isomorphism 8: G/Hy — G/Hy, by (3.1), we obtain a group self-joining
H of G.
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We denote the set of all group self-joinings of G by Jo(G). Given H € J»(G),
we have a natural topological G2-action Qy on G/Hy:

Qulg1,92)9H: = 919H10(g2H2)™! for all g, 91,92 € G.

Clearly, a left Haar measure Ag, g, is @ y-quasi-invariant. Slightly abusing no-
tation, we will denote the coordinate G-actions given by the subgroups G x {15}
and {1g} x G by Q(G x {1¢}) and Q({1g} x G) respectively. Notice that these
actions are transitive. Now we prove a converse to that.

LEMMA 3.1: Let Q be a nonsingular action of G? on a standard probability
space (Z,%Bz, k) such that the G-actions Q(G X {1g}) and Q({lg} x G) are
ergodic and of type I. Then there exists H € J5(G) such that @ is isomorphic
to QH-

Proof: Denote the G-actions Q(G x {lg}) and Q({1lg} x G} by @, and Q>
respectively. Since (J; is ergodic and of type I, there exists a closed subgroup
H, C G such that Z is measurably isomorphic to the homogeneous space G/H;
and (; is the action by left translations; moreover, k is equivalent to a Haar
measure on G/H,. Denote by Ng(H;) the normalizer of Hy in G, i.e.,

Ng(Hy)={g€ G| g~ 'Hig = H:}.

Then the quotient group Ng(Hi)/Hi acts on (G/H., k) by inverted right
translations:

(nHy) - (gH1) = gHin™', forall g € G and n € Ng(Hy).

Notice that C(Q1) = Ng(Hi1)/H; (see, for example, [Dal]). Since Q2(G) C
C(Q1) and @, is ergodic and of type I, we conclude that Ng(H:)/H: acts
transitively on G/H;. It is easy to verify that this happens if and only if H;
is normal in G. Moreover, (J2 determines an epimorphism 8’ of G onto G/H;
such that

Q2(9) - ¢'H1 =g Hi6'(g)~" forall g,¢g' €G.
It remains to set Hy := Ker# and H := {(g1, g2) € G?| '(g2) = g1 H1 }. |

4. Mackey actions for ¢ x ¢o R

Let T be an ergodic measure preserving transformation of (X, B x, u) and ¢, 4 €
ZY(T,G). The associated actions Wy, W, and Wy, are connected by the
following duality.
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LEMMA 4.1:
(i) W, is isomorphic to the restriction of Wy (G x {1g}) to the o-algebra
of Wyxy({1g} % G)-invariant subsets, and
(i) Wy is isomorphic to the restriction of Wy ({1} x G) to the g-algebra
of Wyxy(G x {1g})-invariant subsets.

Proof: We only need to demonstrate (i). Let §5 C Bx © B and Fgay C
Bx @ Bg ® B stand for the o-algebras of Ty- and Tyxy-invariant subsets
respectively. Consider the sub-o-algebra & of those subsets A € F¢xy Which
are invariant under all translations along the ‘third’ coordinate. It is easy to
see that A = A’ x G for a subset A’ € Bx @ Be. Since A € Fgxy, it follows
that A" € F4. Thus we obtain a Boolean isomorphism §y 3 A AXxGed
intertwining Wy (g) with Wiy (g,1g) for all g € G. |

By an immediate use of the lemma we get the following.

PROPOSITION 4.2: If ¢ is ergodic and R € C(T'), then the coordinate G-actions
Wixeor(G x {1g}) and Wyxgor({1a} X G) are both ergodic.

We intend to prove a converse to Proposition 4.2 under an additional assump-
tion that R™ ¢ [T] for all n # 0. It is easy to check that this is equivalent to
the following: R"™ # T™ for all n,m € Z with n? + m? # 0. In turn, this means
that the joint ZZ2-action generated by R and T is free.

PROPOSITION 4.3: Let G be amenable and let V be a nonsingular ergodic G*-
action. Suppose that the G-actions V(G x {l¢}) and V({1¢} x G) are both
ergodic. Then under the above assumption on R there exists an ergodic T-
cocycle ¢: X — G such that V is conjugate to the G*-action associated to the
product T-cocycle ¢ x ¢ o R.

Proof: It is convenient to make use of the language of the orbit theory in
the proof. Let R stand for the T-orbit equivalence relation. By a theorem of
Golodets—Sinelshchikov [GS1], there exists a recurrent cocycle

a=o1 Xar R—2>GxG

such that the associated action W, is conjugate to V. By Lemma 4.1, the
Mackey G-action Wy, is just the restriction of W, (G x {1g}) to the o-algebra
of Wo({1g} x G)-invariant subsets. However, this o-algebra is trivial since
V{{lg} x G) is ergodic. Thus Wy, is the trivial action on a singleton. Hence
oy is ergodic. In a similar way, as is ergodic as well. Then by the uniqueness
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theorem for ergodic cocycles [GS2], there exists a transformation @ € N[R] such
that the cocycles o o @ and as are cohomologous. By a standard trick in the
orbit theory (see [GS2], [Dal]) replacing, if necessary, a by a weakly equivalent
cocycle we can assume without loss of generality that Q™ ¢ [R] for all nonzero
n € Z, i.e., Q is outer aperiodic in the sense of [CK]. On the other hand, by
the assumptions, R is also outer aperiodic. Then the Connes—Krieger outer
conjugacy theorem [CK] implies that @ = tLRL™! for some transformations
t € [R] and L € N[R]. Now we have

azalxazzalxaloQ:alxaloto(LRL_l)zalxozlo(LRL_l)

=(aoLxaoLoR)oL ™.

Denote the cocycle a; o L by 8. Then « is weakly equivalent to 8 x 8 o R.
Since the isomorphism class of the associated Mackey action is invariant under
the weak equivalence of the underlying cocycles, the action Wgxgor of G? is
conjugate to V. It remains to define ¢: X — G by setting ¢(z) := f(x,Tz) and
notice that

BoR(z,Tr) = ¢(Rx) for a.a x € X. ]

Remark 4.4: Using the same argument one can extend Proposition 4.3 as fol-
lows. Let V be a nonsingular ergodic G?-action. Then there exists a recurrent
T-cocycle ¢: X — G such that Wy, 4or is conjugate to V if and only if the
restriction of V(G x {1¢}) to the o-algebra of V ({1} x G)-invariant subsets is
isomorphic to the restriction of V({1g} x G) to the g-algebra of V(G x {1¢})-
invariant subsets.

5. Ergodic decomposition and r.f.m.p. factors

Let S = (Sq)gec be a Borel action of a l.c.s.c. group G on a standard Borel
space (Y,By). Let a: G xY — R} be a Borel map satisfying the following
cocycle identity,

algeg1,y) = alg2, Sg,y)afgr,y) forally €Y and g1,92 €G.

Denote by P the set of S-quasi-invariant probability measures on (Y,By).
Given v € P, we set

d\o S,
dA
Eo = {X € P,| S is ergodic with respect to A}.

PQ:Z{AE’P

(y) = alg,y) at A-a.e. y for every g € G} and
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Notice that P, can be empty. Suppose this is not the case. Then clearly, P, is
convex and &, is the set of extremal points of P,. Notice that P, furnished with
the natural Borel o-algebra Bp_ (making the map P, 3 A — A(B) € R Borel
for any B € By ) is a standard Borel space and &, is a Borel subset of it [GrS].
In view of the following lemma, P, can be interpreted as a Borel ‘simplex’ of
nonsingular measures.

LeEMMA 5.1 ([GrS]): Given v € P, fix a Borel variant o,,: G XY — R} of the
Radon—-Nikodym derivative of (S,v). Then there exists a unique probability
measure k on &y, such that

(5.1) v= / edrk(e).

[
Moreover, if § stands for the o-algebra of S-invariant subsets then (£, Be,,, K)
is identified naturally with (Y, §,v [ ).

For a measure v € P, let § be a factor of (Y, By,v,S). If S preserves v and
S is ergodic on §, then € [ § = v | § for k-a.e. ¢ in (5.1). This ‘good projection’
property no longer holds for an arbitrary S-quasi-invariant measure v. However,
we will show that it survives in an important special ‘nonsingular’ case.

Definition 5.2: Given a measure v € P, a factor § (and the extension S — S |
&) is called relatively finite measure preserving (r.fm.p.) if the Radon-
Nikodym derivative dv o Sy /dv is F-measurable for all g € G.

In particular, $ — S | Ny is r.f.m.p. if and only if S preserves v. (Recall that
My stands for the trivial sub-o-algebra of By .) Moreover, it is easy to verify
that if S — S | §is r.fm.p. and S | § admits an equivalent invariant (finite or
o-finite) measure, then so does S (it also follows from (5.2) below).

We can restate Definition 5.2 in an equivalent way. Denote the dynamical
system (Y,§,v [ §,5 | ) by (Z,8z,k,V). Let m Y — Z stand for the
corresponding projection and v = [, v,dk(z) be the desintegration of v with
respect to k. Then

dvo Sg _ dk o V(g) dVV(g)n'(y) o Sg
7w = T ) =)

at v-a.e. y for all g € G. Hence § is r.fm.p. if and only if

dvy (g)r(y) © Sg W)

=1 atv-ae yforallged, ie.
dvr(y)

(5.2) Vv (g)n(y) © Sy = Vr(y) for all g € G.
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Now we see that if ¥ is r.f.m.p. (with respect to v), then by Lemma 5.1 the
Radon-Nikodym derivative de o S, /de is §-measurable for k-a.e. € in (5.1) and all
g € G. Suppose in addition that S [ § is ergodic. Since v [ § = ffa., € | Fdr(e),
it follows from the uniqueness part of Lemma 5.1 that ¢ | § = v | § for k-a.e. €.
Thus we have proved the following.

PROPOSITION 5.3: Let v € P. If § is an ergodic r.fm.p. factor of (Y, By, v, S),
then for k-a.e. € from (5.1), the restriction of € to § is equal to v [ §.

We will also need the following simple lemma about r.f.m.p. extensions.

LEMMA 5.4: Let S be an ergodic nonsingular G-action on a standard prob-
ability space (Y,By,v) and let p be an (S x Id)-quasi-invariant measure on
(Y x Z,By ©Bz). Assume that (Y x Z, By ® Bz,p, S x 1d) = (¥, By, v, S)
is an r.fm.p. extension. Then p = v X k for a probability measure k on B z.

Proof: Passing, if necessary, to a dense countable subgroup we may assume
without loss of generality that G is countable. Let p = [(8, X py)dv(y) be the
desintegration of p with respect to v. It follows from (5.2) that ps,, = p, a.e.
in v for all g € G. Since S is ergodic and the map ¥ 3 y — p, is measurable,
the result follows. ]

Now we give a natural example of r.f.m.p. factors.

We will need the following nonsingular version of the Abramov-Rokhlin
theorem on factors (see [Ra]):

Let V' be an ergodic nonsingular action of G on a standard probability space
(Z,Bz,k) and let § be a factor of V (i.e., a V-invariant sub-o-algebra). Then
there exist a measure space isomorphism A of (Z,% 2, k) onto a product measure
space (X, Bx,u) x (Y,By,v), a nonsingular action W of G on (X,Bx,u) and
a Borel cocycle

F:Gx X >3 (g,z2) » F(g,z) € Aut(Y,v)
such that {A(F)| F € §} ={B xY| B € Bx} (mod0) and
AV(9)A™ (2, y) = (W(g)z, F(g,)y)

at a.a. (z,y) for all g € G.

PROPOSITION 5.5: Let V be an ergodic nonsingular action of G on a standard
probability space (Z,Bz,k) and let R be a k-preserving transformation from
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the centralizer C(V'). Then the o-algebra § of R-invariant sets is an r.fm.p.
factor of V.

Proof: By the nonsingular version of the Abramov--Rokhlin theorem, we may

assume
(Z,%Z,K/) = (Xv%X7/l’) Q (}/7 iBY)”)v

Vig)(z,y) = W(g)z, F(g,7)y), g € G,
where § = Bx ® {0,Y}, W is the restriction of V to ¥ and

F:GxX>3(g,z)» F(g,2) € Aut(Y,v)

is a Borel cocycle of W. Since § is a factor of R as well and R acts as the
identity on §, it follows that R(z,y) = (z, Ryy) at a.a. (z,y) for a measurable
field of nonsingular transformations X 3 z — R, € Aut(Y,v). Moreover, these
transformations R, are ergodic for a.a. z as the extension Bz — F yields the
R-ergodic decomposition. Since R preserves p X v, we conclude immediately
that R, preserves v for y-a.e. z. Moreover, since

RV (9)R(@,y) = (W(g)a, By Flg, %) Rey) = V(9)(z,9),
it follows that R;Vl(g)zF(g,ac)Rw = F(g,z) at a.a. z for all g € G. Hence

dVOF(g,x)( ) = dvo F(g,x)
dv v= dv

at v-a.e. y for p-a.a. x and all ¢ € G. Therefore dv o F(g,x)/dv is a constant

(Rey)

v-a.e. and this constant is obviously equal to 1, i.e., F'(g, ) preserves v for p-a.e.
z and all g € G. The latter is equivalent to the r.fm.p. property of §F by (5.2).
|

Notice that the above proposition is a natural generalization of the well-known
fact that a nonsingular transformation commuting with an ergodic probability
preserving transformation is itself measure preserving.

The proposition below will be used in the proof of the main result of the
paper. Let T be an ergodic nonsingular transformation of (X,Bx,u) and R
a measure preserving transformation of (Z,Bz, k) such that T x R is ergodic.
Let ¢ € Z1(T,G). By ¢ ® 1 we denote the following cocycle of T x R:

d© 1z, 2) =d(z), (r,2)eX xZ.

Recall that a probability measure A equivalent to a left Haar measure on G is
fixed and that (Qg,Bq,,vs) stands for the space of the Mackey G-action Wi.
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Notice that since T' x R is ergodic, the Mackey action Wy is well defined on
its measure space (Q¢o1, B,e: > Voo1)-

PROPOSITION 5.6: Assume that T, R and ¢ are as above. Denote by R’ the
restriction of the transformation Id X R x Id € Auto(X x Z x G, x k x A) to
the g-algebra of (T x R)gp1-invariant subsets. Then
(i) R € C(Wye1) and it is a conservative transformation of (Qe1, Vee1),
(ii) the natural projection m: (Qpe1, Vee1) = (s, vs) intertwining Wye1 with
Wy yields the R'-ergodic decomposition.

Proof: (i) The transformation Id x R x Id is conservative since it preserves a
finite measure. Hence R’ is conservative (as a factor of a conservative map).
Clearly, it commutes with Wyg1.

(il) Tt suffices to notice that any R'-invariant subset A’ is of the form

{(z,2,9)| (z,9) € A,z € Z}

for some subset A C X x G. Clearly, A’ is (T X R)sg1-invariant if and only if
A is Ty-invariant. 1

We deduce from Propositions 5.6 and 5.5 the following.

COROLLARY 5.7: Under the assumptions of Proposition 5.6, the natural
projection w is r.f.m.p.

Using Corollary 5.7 and the remark just after Definition 5.2 we obtain the
following.

COROLLARY 5.8: Under the assumptions of Proposition 5.6:
(i) If Wy admits an equivalent invariant finite (or o-finite) measure then so
does Wy
(ii) If ¢ is ergodic (and hence Wy is trivial) then Wyg1 preserves vy .

We note that the assertion (ii) of Corollary 5.8 was established in [LeP] for
finite measure preserving 7' and Abelian G.

6. R.f.m.p. extensions Ty ¢ — T and associated Mackey actions

Let S be a Borel action of G on a standard Borel space (Y, By ). For an invariant
sub-o-algebra § C By and a quasi-invariant measure x on § we let

P(S,§, k) :={veP|v]F=rxandFis an r.fm.p. factor of (Y,By,v,S)}.
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Given an ergodic nonsingular transformation 7' of (X,Bx,u) and a cocycle
¢: X = G of T, we are interested in the simplex P(Ty s, Bx,u). Let R =
(Ry)gec denote the nonsingular G-action on (G, B¢, A) by inverted right trans-
lations.
Our next statement is a slight modification and extension of a part of Propo-
sition 2.1 from [LeP], where G was assumed Abelian and T measure preserving.
Consider the G-action Id x R X S on the product space

(XXGXY,%X(S)%G@%}/).

It obviously commutes with the transformation Ty x Id. Hence their ‘joint’
(Z x G)-action, say V, is well defined on X x G x Y.

PROPOSITION 6.1: The simplices P(V,Bx @ Bg,u x A), P(Ty,s,Bx,n) and
P(Wg xS, Baq,,vy) are pairwise affine isomorphic. Moreover, if A stands for the
corresponding affine isomorphism of P(Ty s,Bx,n) onto P(Wy x S,Bq,,vy),
then A(p x v) = vy x v for any S-invariant measure v on'Y'.

Proof: Take any probability measure 7 on X x G X Y projecting onto p x A
and let § = [y, o 0z,9) X N(z,q)d1(T)dA(g) be its desintegration. By definition,
n € P(V,Bx®Bg, ux ) if and only if 5 is V-quasi-invariant and the extensions

(X xGxY,n,(Idx Ry x Sg)gea) = (X x G, pux X, (Id X Rg)gea),
(X xGExY,nTyxId) = (X xG,uxATy)

are r.fm.p. By (5.2) this is equivalent to the following two equations on 7., 4:

(6.1) Wz,gh=1) = N(z,9) © Sfjlv

at a.e. (x, g) for every h € G. It is a standard fact that the first equation admits
a unique solution of the form 7, 5 = 7; 0 Sy at a.a. (z,g) for a measurable
field X > =z — 7} of probability measures on Y. The second equation now
means that o}, = 7} o S(;(lx). We define a measure * on X X Y by setting
n* = [y 6z X Midu(x). By (5.2), n* € P(Ty,5,Bx, p). Clearly, the map n - n*
is an affine isomorphism of P(V,Bx ® B, 1 x A) onto P(Ty, s, Bx, 1t).

Consider the Ty-ergodic decomposition of 4 x A (see Lemma 5.1): p x A =
Ja, wdvs(w). Then for any

g = /X i) X M dule)dAg) € P(V, By © B x ),
X
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we have
n= / / 6(9:,9) X U(z,g)dw(% g)dl/¢(w)
Q¢ XxG

with 7, ¢) satisfying (6.1) and (6.2). It follows from (6.2) that 5, o = n¥ at
w-a.a. (z, g) for a probability measure n# on Y and v4-a.a. w. Now (6.1) implies
that nfv¢(g)w =n# oSg_l at a.e. w for all g € G. Let n# be a probability measure
on Q4 x Y given by n# = de’ 8w X N dvy(w). Tt follows from the construction
and (5.2) that the map n — n* is an affine isomorphism of P(V, Bx ®Bg, i x )
onto P(Wy x S,Bq,,vs).

The second claim of the proposition can be verified now by a straightforward
calculation. |

Remark 6.2: Let £ C By be an S-invariant sub-c-algebra. Suppose that for
some p € P(Tys,Bx,un), we have p | (Bx @ £) = u X v1, where v; is an
S-invariant probability on (Y, £). Then by the proof of the second claim of
Proposition 6.1, A(p) [ (Ba, @ £) = vy X 4.

Remark 6.3 (on functorial properties of * and #): Let A be a measure pre-
serving transformation of a standard probability space (Z,B z, k) such that the
product T x A is ergodic. Then the map

PRl X xZ>3(x,2)— ¢d(z) €
is a cocycle of T x A. Next, we can define a Z x G-action V' on
(X XZxGExY,uXKkXAXV)

in a perfect analogy with V. Since A preserves k, the natural restrictions of
measures induce the following affine onto maps:

m: PV, Bx ® Bz @ Bg,pu x £ x X) = P(V,Bx @Bg,pux ),

me: P((T X A)por,5,Bx © Bz, p x k) = P(Tys,Bx,p) and

m3: P(W¢®1 X S, %Qd)@l y I/¢®1) — P(W¢ X S, SBQ(b, l/¢).
We claim that they respect the maps * and # constructed in the proof of
Proposition 6.1, i.e., 7 (n)* = ma(n*) and m1(n)# = m3(n#*) for all

neEPV , Bx @Bz QBg,uxXkXA).

We only briefly prove the second formula (the first one is easier and we leave its
verification to the reader). Take any n € P(V',Bxxzxg, 1t X k X A). Then

(6.3) n= / W' Xt dvper (@),
Qo1
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Next, desintegrate vyg1 with respect to vy as follows:
(6.4) voor = [ tudvio),
~1(w)

where 7: (Qpe1,V¢a1) = (¢, Vy) is the natural projection intertwining Wy
with Wy and substitute this into (6.3). By the uniqueness of desintegration, we
obtain

/ ntdé, (W) = m(n)#  for aa. w € Qy.
T~ Hw)

In a similar way, substituting (6.4) into
nt = / Bur X 1 dvgen ()
Qye1

we deduce that

/ y )nf,d@(w') =7m3(n?), for a.a. w € Q.
T W
Hence m ()# = m3(n#)., for a.a. w and we are done.

7. Lifting of joinings

We recall that the definitions of Jo(G) and Qg for an element H € J2(G)
were given in Section 3. We also notice that an (S ® S)(H)-invariant measure
is both S(H1) ® Id- and Id ® S(H>)-invariant. In order to prove the main result
of this section—Theorem 7.3—we need two auxiliary lemmas.

LEMMA 7.1: Let S; be an ergodic measure preserving G-action on (Y;, By,, v;),
i = 1,2. Assume that Q is a nonsingular G*-action on a standard proba-
bility space (Z,Bz,k) such that the coordinate G-actions Q({1g} x G) and
Q(G x {1¢}) are both ergodic.
(i) If S, is mildly mixing and Q({1¢} % G) is properly ergodic, then
{peP((S1©85) xQ,Bz,k) p (By, ®Bz) =12 XK

and p | By, =1} = {1 X v2 X K}.
(i) If Q({lg} x G) and Q(G x {1g}) are both of type I, then
pEP((S1®S2) X Q, Bz, k)

if and only if there exist H € Jo(G) and an (S ® S)(H)-invariant measure
p* on'Y; x Y, such that (up to isomorphism) Q = Qu, Z = G/H,, Kk is
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equivalent to a left Haar measure \g,g, and
p=[ o (51(a) X 1) x by, d(g )
is the desintegration of p relative to k.

Proof: (i) Take p € P((S1 ® S2) X Q,Bz,k). Then

7.1) dpo (S1(g1) % S;[()gz) X Q(gl’g2))(y1,y2,z) _ dno(zf;th,!h)(z)

for p-a.e. (y1,¥2, 2), and all (g, g2) € G2. Assume additionally that
o1 (By, @Bz) =vs X k.

It follows that the G-action ((S2(g) X Q(1g,9))gec, p | (By, ® Bz)) is ergodic
since Sy is mildly mixing while Q({1g} x G) is properly ergodic. Now put
g1 = 1g in (7.1) and apply Lemma 5.4 to deduce that p = v’ X (1 x &) for a
measure v’ on By,. If we assume in addition that p [ By, = vy, then v/ = 1y
and (i) follows.

(ii) By Lemma 3.1, there exists H € J3(G) such that (up to isomorphism)
Z =G/Hi, @ = Qg and k is equivalent to Ag/x,. Let

p :/ PgHy X Ogm, dK(pH,)
G/H:
be the desintegration of p. By (5.2),

PQu(91,92)gH, = PgHy © (S1(g1) x 52(92))

for k-a.a. gHy € G/H; and all g1,92 € G. Without loss of generality we may
assume that this holds for all g,g:1,92 € G. Let p* := py,. Since Qu(G x {1g})
is transitive, we obtain that

(7.2) P, = p o(S1(g1) xId) forall g; € G.

Moreover, p* o (S1(g1) x S2(g2)) = p* for all (g1,92) € H since H is the Qg-
stabilizer of the point H; € G/H;. The converse is also true: every S; ® So(H)-
invariant measure p* gives rise to a measure p € P((S1952)xQ,Bz, k) by (7.2).
]

The lemma below was formulated in [LeL] only in the Abelian case but the
proof in the non-Abelian case remains unchanged. It also follows immediately
from Proposition 6.1.
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LEMMA 7.2: Let G be amenable and let ¢: X — G be an ergodic cocycle of
an ergodic measure preserving transformation T of (X,Bx, ). Assume that
S is a Borel G-action on (Y,By). Suppose that p is an ergodic Ty s-invariant
measure on X XY whose marginal onto X equals . Then p = pu X v for an
ergodic S-invariant measure v.

The following theorem provides a full description for the ergodic self-joinings
of Ty, s when T has pure point spectrum and .S is mildly mixing.

THEOREM 7.3: Let T be an ergodic measure preserving transformation of the
space (X,Bx, ) with pure point spectrum and let p € J§(T'). Assume that
S is a mildly mixing measure preserving action of G on (Y,By,v). Assume,
moreover, that a cocycle ¢: X — G is ergodic. If the cocycle

dO P X x X 3 (71,22) = (¢(21), P(22)) € G*

of (X x X,Bx®Bx,n, T xT) is regular and cohomologous to an ergodic cocycle
) with values in some H € J5(G), then there exists an affine isomorphism A of
the simplex

J2(Tp,5,m) :={n' € Ja(Tps)| ' | (Bx ® Bx) =n}

onto the simplex of S ® S(H)-invariant measures on Y x Y. More precisely, if

¢ © ¢z, 12) = flxy, v2)(xy, 22) f(Tx1,T22)™ " n-ace.

for a measurable function f: X? — G?, we define amap A: (X xY)? - X2 xY?
by setting

A(x17y1,$27y2) = (CC1,$2,S ® S(f($1,$2))(y1,y2))-

Thenn' o A7 =n x A(ry') for all f € Jo(Tg,s,7).
Otherwise, J2(Ty,5,n) consists of only one measure—the relatively indepen-
dent extension of 7).

Proof: Consider the first case. It has been studied in [LMN]. Though it was
assumed that G is Abelian, this commutativity was not really used there. There-
fore, we only briefly sketch the idea of the proof. Without loss of generality we
may assume that ¢ ® ¢ itself takes values in H. Indeed, changing a Rokhlin
cocycle by a cohomologous one we always obtain an isomorphic extension. Then
it remains to apply Lemma 7.2 and the first case easily follows.
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Now we pass to the second case. Let £; and £ denote the S® S-invariant sub-
o-algebras By @ Ny and Ny @ By of By © By respectively, where Ny stands
for the trivial o-algebra on Y. Since T has pure point spectrum, 7 is supported
on the graph of a transformation R € C(T), ie., n(A x B) = (AN R™'B)
for all A,B € Bx. Hence we may consider any measure ' € Jo(Ts s,7) as
a measure on X X Y x Y invariant under Tyx¢or,s9s and whose restriction
to Bx @ £; is equal to u x v, ¢t = 1,2. We have assumed that ¢ © ¢ is either
nonregular or ¢®4¢ is regular but the corresponding group H ¢ J2(G). Therefore
this assumption, Proposition 4.2 and Lemma 3.1 imply that at least one of the
coordinate actions Wy sor(G x {1g}) or Wexgor({la} x G) is not of type I.
It follows from Remark 6.2 that the affine isomorphism

A P(Ty,p0r,505 Bx:1t) = PWpsgors Byygors VoxoR)

has the property that A(n') [ (Ba,ygor @ L£i) = Vgxgor X ¥ for i =1,2. We can
now apply Lemma 7.1(i) to conclude that the set

{P € P(Wyxgor X (S @S), By, gors Voxgor)] P [ (Bayyson @ £i)

= Vpx¢poR X V, 1= 1,2}

is a singleton. Hence the set
Q:={n'¢€ JQ(T¢’S)| "1 (Bx®L)=pxv, i=12}

is a singleton as well. It remains to notice that the relatively independent
extension of 1 belongs to Q. 1

Remark 7.4: It is worthwhile to note that the second case in Theorem 7.3 with
nonregular ¢ x ¢ (which was not considered in [LMN]) is not vacuous. Actually,
let T and S be as above and V any nonsingular G2-action such that the G-actions
V({1g} x G) and V(G x {1¢}) are both ergodic. Suppose that at least one of
the latter two actions is properly ergodic. Next, fix a transformation R € C(T)
such that the joint Z%action with generators T and R is free (notice that such
a transformation always exists since T' has pure point spectrum). Denote by 5
the self-joining of T supported by the graph of R. Then by Proposition 4.3 and
Theorem 7.3 there exists an ergodic cocycle ¢ € Z'(T, G) such that J»(Ts 5,7)
is a singleton and the Mackey action associated to the cocycle ¢ © ¢ of
(X x X,Bx @Bx,n,T xT) is isomorphic to V.
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8. Multipliers of W'

In this section the actions T', R, V and S considered below are assumed to be
measure preserving. We need an auxiliary lemma from [LeP].

LEMMA 8.1 ([LeP, Proposition 5.1]): Let T and R be ergodic transformations.
If R is weakly mixing and R x R is disjoint from any ergodic self-joining of T,
then T € M({R}").

It follows immediately that in order to prove that T' € M(W+) it is enough
to show that every ergodic self-joining of T is disjoint from W.

Let T be an ergodic transformation on (X,%Bx,u) such that T € W+. Let
¢: X — G be an ergodic cocycle of T and let S be an ergodic action of G on
(Y,By,v). Assume that V is a weakly mixing transformation on (Z,Bz, k).
We claim that if e(T) is countable then Ty s L V. To prove this claim we notice
first of all that T L V. Then observe that the cocycle ¢ ® 1 € Z1(T x V,G) is
ergodic. Indeed, the skew product extension

(T xV)per1 =T xV € Aut(X X G X Z,pt X Ag X K)

is ergodic if and only if oy (e(T;)) = 0 (see [Aa, p. 81]), where oy denotes the
measure of maximal spectral type of V on L?(Z,k) © Cl. It suffices now to
notice that oy is continuous and e(Ty) countable. In view of Lemma 7.2, our
claim follows. Thus we have proved the following.

PROPOSITION 8.2: IfT, ¢, S are as above and e(Ty) is countable, then Ty s €
wt.

Now we are ready to prove the main result of the paper, i.e., Theorem 0.1
stated in Introduction.

Proof of Theorem 0.1: Let n be an ergodic self-joining of T 5. Take a weakly
mixing transformation V of a standard probability space (Z,Bz, ). Consider
a joining 7' € J*(T4,5,T4,5,V) projecting onto 7. In view of Lemma 8.1, to
prove the theorem it is enough to show that ' =5 x «.

Since T has pure point spectrum, the projection of 9 onto X x X is supported
by the graph of a transformation R € C(T'). Hence we can consider n and 7’ as
measureson X XY xY and X xY xY x Z invariant under the transformations
Txgor,50s and Tyxsor,sgs X V respectively. Since T and V' are disjoint, the
projection of 7' onto X x Z is u x k. Moreover, R’ := R xId € C(T x V) and
we can rewrite Tyxgor,505 X V a8 (T' X V)se1x(¢01)oR!,ses- Thus n' belongs
to the simplex

(8.1) P((T x V)ge1x(so1)or S5 Bx © Bz, i X K).
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Moreover, by Proposition 8.2,

N (Bx2Bz@By @Ny)=puxkxv and

8.2
(82 71 (Bx@Bz0Ny @By)=puXrKXv.

Let Wyxoor and Wise1)x(s01)or act on their measure spaces (2, Bq,p) and
(Y, Bq, p') respectively. By Proposition 6.1, the simplex (8.1) is affine isomor-
phic (via A) to the nonsingular simplex

(8.3) P(W(¢®1)x(¢®1)oR' x (S®S), Ba,p').
Furthermore, in view of (8.2) and Remark 6.2,

AR) 1 (Ba @By @Ny) =p' xv and

(8.4)
A | (Bo @Ny ©@By) =p' x v

It follows from Proposition 4.2 and the fact that ¢ @1 is ergodic (see the proof
of Proposition 8.2) that the G-actions

Weoix(se)or (G X {1g}) and W¢®1x(¢®1)oR'({1G} x G)

are ergodic. If at least one of them is properly ergodic, then by Lemma 7.1(i),
there is only one measure satisfying (8.4) and belonging to the simplex (8.3).
Hence there is only one measure satisfying (8.2) and belonging to the simplex
(8.1). Since the measure 1 X k satisfies these properties, we conclude that
N =nXk.

Consider now the case where the transformation groups

Weoix(se1)or (G x {1g}) and Wyoixeenor ({1a} x G)

are both of type I. By Lemma 7.1(ii), there exist H € J2(G) and a measure p*
on (Y x Y, By @ By ) invariant under S ® S(H) such that (up to isomorphism)
Q' =G/Hy, p' ~ Ag 1, , Woeix(se1)orr = Qu and

M) = [ 5" 0 (S(g) X 14) X Sy dif (o)
It follows from (8.4) that the marginals of p* are equal to v. Clearly,

H > (Hi x{lg}) U ({1c} x Ha).

If H; is nontrivial, then it is noncompact by the assumption on G. Since S is
mildly mixing, the transformation group S(H;) is also mildly mixing and, in
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particular, ergodic. Therefore by Lemma 5.4, p* splits into a direct product
v x vy. Clearly, v; = v by our observation on the marginals of p*. In a similar
way, if Hy is nontrivial then p* = v x v. Thus in both cases there exists only
one measure satisfying (8.4) and belonging to the simplex (8.3). Thus we get
again ' =n X k.

It remains to consider the case where H; = Hy = {1¢}. Then the subset of
measures satisfying (8.4) and belonging to (8.3) does not need to be a singleton.
(Consider, for instance, the case where H is the diagonal subgroup of G x G.
Then the measure p' x £ satisfies the two properties for any self-joining £ of S.)
To settle this case consider the natural projection (¥, Bgq,p') = (Q,Bq,p)
intertwining Wse1)x(¢@1)or With Wyxgor. By Proposition 5.6(ii) (the cocycle
¢ X ¢ o R plays now the role of ¢ from that corollary), it yields the ergodic
decomposition of a transformation

D € C(Wise1)x(¢@1)0r’) = C(QH).

Since C(Qp) is just the center Z(G) of G acting on G by translations, we can
identify D with an element d € Z(G). Let K := {d*| n € Z}. It is well known
that the the quotient map G — G/K yields the ergodic decomposition of D.
Any monothetic locally compact group is either compact or infinite discrete (and
hence isomorphic to Z) [HR]. Since D is conservative by Proposition 5.6(i), the
latter is impossible for K. Hence K is compact and therefore trivial by our
assumption on G. Thus the natural projection ' — 2 is the identity. Hence
the natural projection of (8.3) onto the simplex P(Wyxgor X (S ® S),Bq, p) is
one-to-one. Therefore, so is the natural projection of (8.1) onto

P(Tyxpor: Bx @Bz, u X k)

(see Remark 6.3). Thus we get again ' = n x k. |

PROPOSITION 8.3: Let G be amenable and let T be an ergodic transformation.
Assume that there exists R € C(T)\ {T™| n € Z}. Then the subset

L:={¢ € ZYT,G)| ¢ is ergodic and e(Ty) = e(T)}
is generic in Z*(T,G).
Proof: Tt follows from the proof of Theorem 4.2(i) from [Dal] that the subset

M :={¢p€ Z'(T,G)| ¢ x ¢ o R is ergodic}
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is a dense G5 in Z'(T,G). Next, if A € e(Ty) \ e(T), then by [ALV] there
exists a nontrivial continuous homomorphism (character) x: G — T such that
xo¢ = \in Z1(T,T). Since R commutes with T', we obtain x o ¢ o R ~ ) as
well. Therefore, the cocycle (x x x) o (¢ x ¢ o R) is cohomologous to a constant
(A, A) in ZY(T, T x T). Since the group generated by this constant is not dense
in T x T, we obtain that (x X x) o (¢ X ¢ o R) is not ergodic. Hence ¢ x ¢ o R
is not ergodic as well. Thus £ D M and we are done. 1

COROLLARY 8.4: Let G,T and S be as in Theorem 0.1. Then for a generic
cocycle ¢ € ZY(T,G) we have Ty s € M(W)\ D.

Proof: Since T has pure point spectrum, the centralizer C(T') is nontrivial.
Moreover, e(T) is countable since for the probability preserving transformations
the L*®-spectrum equals the L?-spectrum. It now follows from Theorem 0.1 and
Proposition 8.2 that Ty s € M(W™). It follows from Lemma 9.1 below that
the extension Ty ¢ — T is relatively weakly mixing. Then by [Fu2], Ty s is not
distal. |

Now we show how to deduce from that the main results of [Gl1]. Let G =R
and S a horocycle flow corresponding to a lattice I' in PSLo(R). Recall that
S is mixing of all degrees [Ma]. Let (X,B,u) = (T, By, A1) and Tz = ze?™?,
z € T (T denotes the circle group), for an irrational number « € (0,1). Denote
by [0 : a1,as,...] the continued fraction expansion of a. Let (g, )n>o stand for
the sequence of denominators of a, i.e.,

o=1 q=a, @1 =a+1q+qg-1, k>1

We define a cocycle ¢g € Z1(T, R) by setting ¢o(e?™*) = t—0.5, where 0 < ¢t < 1.
Ergodicity of ¢y was established, e.g., in [Pa]. We need a stronger result.

PROPOSITION 8.5: There exists a transformation R € C(T) such that the
cocycle ¢g X ¢g o R of T is ergodic.

To prove this proposition we need an auxiliary fact from [LMN] (see the proof

of Lemma 3 in [LMN]).

LEMMA 8.6: Given 3 € (0,1), let Rz := 2e?>™# 1 € T. If the sequence ({¢nf})n
has infinitely many accumulation points, then the cocycle ¢g x ¢g o R of T is
ergodic.

Proof of Proposition 8.5: Fix a sequence of positive reals €, — 0. Let ¢, €
(0,1) be a sequence of reals which contains every rational from (0,1) infinitely
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many times. Then it is easy to select a sequence of positive integers I and a
subsequence (gn, ) of (¢gn) such that the segments

lp+cr—ex I +cp+ex
Ik = [ » ]
q’nk q’nk
form a nested sequence, i.e., [; D Iz D ---. (Indeed it is suffices to notice that

the distance between [l+ch“_f’~" , H'C;""’“] and [H'“;Ick —k l“flc’“"‘fk] tends to zero
uniformly in [ as n — oo for each k.) Take 8 € (oo Ix. Then |{gn, 8} —cx| < €
for all k > 0. Hence the sequence {g,3} has infinitely many accumulation points.
Now we apply Lemma 8.6 and the result follows. |

We also note that there exist ergodic cocycles ¢ of an irrational rotation T
such that ¢ x ¢ o R is not ergodic for any R € C(T) (an example of such a
cocycle is given in [LMN] for G = Z).

Remark 8.7: Let us also notice that using the a.a.c.c.p. method from [KwLR]
one can construct smooth (even analytic) real valued cocycles ¢ (over irrational
rotations under some Diophantine restrictions) satisfying the assertion of Propo-
sition 8.6. Now, by putting a horocycle flow on the fiber we will obtain examples
of nondistal smooth multipliers of W+.

Let ®¢ stand for the family of continuous cocycles of T with zero mean.
Endowed with the topology of uniform convergence ®, is a Polish space. Since
T is uniquely ergodic, we have

®o={f— foT| f: T — R is continuous}.

By [Ko] (see also [Ru]), ¢¢ is cohomologous to a cocycle ¢ € ®,. Then, of
course, the set

{f+ % — f oT|for all continuous f: T — R}

is dense in ®4. It is also a subset of M. Since the uniform topology is stronger
than the topology of convergence in measure and M is a G5 in Z'(X,R), we
conclude that &g N M is a dense G5 in ®g. Thus we have proved an extension
of the most technically involved statement in [Gl11]-——Theorem 5.1 (proved there
under some Diophantine restrictions on a):

PROPOSITION 8.8: For any irrational number ., the subset
{¢ € ®o| T} is ergodic and e(Ty) = e(T)}
is generic in ®y.

The corollary below follows from this and Theorem 0.1.
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COROLLARY 8.9: For every ¢ from a dense Gs-subset of ®g, the strictly ergodic
homeomorphism Ty, s of the compact manifold X x Y is in M(W<) but not in
D.

This extends [Gl1, Theorem 4.1] where it was assumed additionally that I" is
maximal and nonarithmetic and « is rather special.

9. Semisimple extensions of transformations with pure point
spectrum

We first extend an assertion on relative weak mixing from [LeL], where it was
assumed that G is Abelian and spectral theory was used in the proof.

LeEMMA 9.1: Let T be a measure preserving transformation and let ¢: X — G
be a cocycle of T. Assume that S is a mildly mixing G-action. If Ty g is ergodic
then the extension Ty s — T is relatively weakly mixing.

Proof: What we need in fact to prove is that the transformation Ty gxs of the
space (X XY xY,Bx @ By ® By, pu x v x v) is ergodic. By Proposition 6.1,
the measure p x v X v corresponds under an affine map to the measure

v xvXvEPWy xS xS Ba,,vy).

Suppose first that Wy is properly ergodic. Since S x S is mildly mixing, we
conclude that v4 x v x v is ergodic for W, x S x S. Hence p X v X v is ergodic
for T¢’ SxS-

Now let Wy be of type I. This means that the cocycle ¢ is cohomologous to
an ergodic cocycle with values in a closed subgroup H of G. Without loss of
generality we may assume that ¢ itself enjoys this property (changing ¢ with a
cohomologous cocycle we obtain an isomorphic extension). Since Ty s = Ty 5(n)
is ergodic, so is S(H). If H were compact then S(H) and hence S(G) would be
of type I. That contradicts the mild mixing assumption on S. Hence H is not
compact and therefore S(H) is mildly mixing. Now ¢ is ergodic (as a cocycle
with values in H), so W is trivial and, since (S x S)(H) is ergodic, we are done.
|

Definition 9.2: A probability preserving action S of a l.c.s.c. group G on
(Y, By, v) is called 2-fold-extra-simple if for any continuous group automor-
phism 6: G — G, every ergodic joining of S and S o8 is either the product v x v
or a joining supported by the graph of a transformation R € Auto(Y,v) such
that RS(g)R™! = S(6(g)) for all g € G.
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Notice that a 2-fold simple action S is 2-fold-extra-simple if and only if for
any continuous group automorphism #: G — G, the G-action S o 8 is either
isomorphic to S or disjoint from it. Suppose that the center of G has no compact
subgroups. If S is simple and prime (in particular, if it has the MSJ property,
see [JRu, Theorem 3.1]) then S is 2-fold-extra-simple by [JRu, Corollary 4.3].

For example, if G = R, the horocycle flow corresponding to a maximal non-
arithmetic lattice I' C PSLo(R) and the Chacon flow are 2-fold-extra-simple
since they have the MSJ property by [Rat] and [JPa] respectively.

Example 9.3 (simple but not 2-fold-extra-simple transformation): Let K be a
compact metric group. Suppose that T has the MSJ property and 7" and T !
are conjugate via a transformation R € Auto(X, ) (see [JRS] for examples of
such maps). Denote by R the T-orbit equivalence relation. It is easy to see
that R € N[R]\ [R]. From the proof of [Dal, Theorem 4.2(i)] we deduce that
the cocycles ¢ € Z}(T, K) such that ag X ay o R is ergodic form a dense Gj
subset of ZY(T,K). Recall that ay(Tz,2) = ¢(z) for a.a.  (see Section 1).
Fix such a ¢. Next, as in the proof of Proposition 8.3 one can check that
e(Ty) = e(T). Since e(Ty) and e(T) are equal to the L?-spectrum of Ty and T
respectively and T is weakly mixing, Ty is also weakly mixing. Then by [JRu,
Theorem 5.4], T is simple. We claim that it is not 2-fold-extra-simple. Indeed,
assume that the contrary holds. Since T £ (T)™! (these transformations have
a common factor—17'), there exists a transformation S’ € Auto(X x K,y X Ag)
which conjugates Ty and (Ty)~!. Then by [GJLR, Theorem 5], there exists
a transformation S of (X,Bx,u) such that S'(z,k) = (Sz,S2(z,k)) for a.a.
(z,k) € X x K. (Though it was assumed in [GJLR] that K is commutative,
the proof of the cited fact holds for noncommutative groups as well.) Clearly,
S conjugates T' and 7'~1. Hence

SR 'eC(T)={T"nel}

and therefore ay 0 S & ay o R. Moreover, by [GJLR, Proposition 7] (Abelian
case) and [Dal, Theorem 5.3] (general case), there is a group automorphism I
of K such that ag oS = loag. Thus the cocycle [oag X oy o R is cohomologous
to loag X ap oS, which is in turn cohomologous to the cocycle loay X [ o ay
taking values in the diagonal subgroup of G2. Hence it is never ergodic. Since
the ergodicity of a cocycle is invariant under composition with a group auto-
morphism, it follows that ey X a4 o R is neither ergodic, a contradiction.

Now we are ready to give a proof of Theorem 0.2 stated in Introduction.
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Proof of Theorem 0.2: Let n be any ergodic self-joining of Ty 5. As in the
proof of Theorem 7.3, we may consider 1 as an ergodic Ty ¢or,s50s-invariant
measure on X X Y x Y such that

(91) nI(Bx@By@MNy)=pxv and 7| (Bx Ny ® By) = p xv,

where R is a transformation from C(T"). Suppose first that the cocycle ¢ x ¢o R
is not regular or is regular but cohomologous to an ergodic cocycle with values
in a closed subgroup H ¢ Jo(G). Then 7 = p x v x v by Theorem 7.3. It follows
from Lemma 9.1 that the extension

(9.2) (Topxpor,595,1m) = ((Tg,5)(gor)@1> 1 X ¥ X V) = (T 5, X V)

is relatively weakly mixing and we are done.

In the remaining case we may assume that ¢ X ¢ o R is ergodic itself as a
cocycle with values in H € J3(G). By Theorem 7.3, n = u x p*, where p* is
an S ® S(H)-invariant measure. It follows from (9.1) that the marginals of p*
are both equal to v. Arguing as in the proof of Theorem 0.1, we obtain that
p* = v x v whenever HN ({1g} x G) or HN (G x {1¢}) is nontrivial. Thus we
come to the case considered above.

Finally, let H be the graph of a group automorphism 8: G — G. Since S is
2-fold-extra-simple, either p* = v x v or p* is supported by the graph of some
v-preserving transformation @ such that QS(g)Q™* = S(6(g)) for all g € G. In
both cases (9.2) is relatively weakly mixing. Summarizing all the cases we see
that T3 5 is semisimple.

The relative weak mixing of Ty s — T has been established in Lemma 9.1.
|

Notice that if ¢ o R % 6 o ¢ for all R € C(T) and nontrivial group automor-
phisms 8, then we can replace (relax) the condition of 2-fold-extra-simplicity in
Theorem 0.2 with the 2-fold-simplicity.
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